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Widger\S on , GF(2) Gowers
,
. . GF(3) Gowers






$f$ : $\{0,1\}^{n}arrow\{1, -1\}$ $g:\{0,1\}^{n}arrow$





. $f$ $g$ :. $x\in\{0,1\}^{n}$ $f(x)=g(x)$





, $0$ 1 , $0$
9 $f$ .
$f$ $C$ Corr$(f, C)$ ,
Corr$(f, C)$ $:= \max_{g\in C}Corr(f, g)$
. $f$ $C$ $0$ , $f$
$C$


















$AC^{0}$ ) ($m$ $q$ )
[14] . Razborov ,
1. GF(2) Poly$(\log n)$
$AC^{0}$
1599 2008 133-140 133
2. MAJ GF(2) Poly$(\log n)$
, $MAJ\not\in AC^{0}$
. , 1 Poly$(\log n)$
, polynomial method
$f\not\in AC^{0}$ , $f$ POly(lOg $n$)
.
Poly$(\log n)$
. . Alon Beigel




, MAJ $oMOD_{q}oAND_{d}$ $MOD_{m}$
[2]. MAJ $\circ MOD_{q}oAND_{d}$ .
. $MOD_{q}$ .
$d$ AND 3





. Bourgain , $MOD_{m}$ $\mathbb{Z}_{q}$
,
[4]. Bourgain ,
Green, $Roy$, Straubing [9].
, Chattopadhyay
Green [5].


























. , Viola Widgerson
1 $f$ $d$ $P$
$f$ $d$ $p$ Corr$(f,p)$
$R$ borov $AC^{0}$ GF(2) $\geq 1-1/n^{\omega(1)}$
Razborov MAJ GF(2) $\leq O(1/\sqrt{n})$
Alon&Beigel $MOD_{m}$ $\mathbb{Z}_{q}$ $o(1)$
Bourgain, Green et al. $MOD_{m}$ $\mathbb{Z}_{q}$ $\leq\exp(-\Omega(n/(q2^{q})^{d}))$
Chattopadhyay $MOD_{m}$ $Z_{q}$ $\leq\exp(-\Omega(n/(q2^{q-1})^{d}))$





. , GF(3) $p$ ,
$g:GF(3^{n})arrow GF(3)$ ,




2. $f$ Gowers $U(f)$ :
Corr$(f,p)\leq U(f)$ .





. 1 3 Viola Widgerson
, 4 GF(3) Gowers
. , GF(2)
Gowers . .
, $\epsilon$- ” [10]





$MOD_{m}(x_{1}, \ldots,x_{n})=\{\begin{array}{ll}1 m|\sum_{1=1}^{n}x_{i}-1 m\parallel\sum_{j=1}^{\mathfrak{n}}x_{i}\end{array}$
GF(3) 3 .
. GF(3) $P$ , 9:
$\{0,1\}^{n}arrow \mathbb{Z}$ ,




$p(x_{1}, \ldots,x_{n})=\{\begin{array}{ll}1 (g(x_{1}, \ldots,x_{n})=0)-1 (g(x_{1}, \ldots,x_{n})\neq 0)\end{array}$




$[6, 7]$ . Gowers ,
,
GF(3) Gowers .
1 (GF(3) Gowers [6, 7]). $d\geq 0$ .
$f$ : $GF(3^{n})arrow \mathbb{C},$ $\oplus$ GF(3) .
, $f$ $GF(3)$ $d$ Gowers $U^{d}(f)$
$U^{d}(f)$ $:=_{x,y_{1}} E_{\nu d}\in\{0,1,2\}^{n}[\prod_{s\subseteq[d]}f(x\oplus\bigoplus_{j\in S}y_{j})^{|S}\lrcorner]$
. , $\{1, \ldots, d\}$





2 ([8, 15]). $f:GF(3^{\mathfrak{n}})arrow \mathbb{C},$ $f’$ : $GF(3^{n’})arrow$
$\mathbb{C}$ . .
1. $|_{x\in GF(3^{n})}E[f(x)]|=U^{1}(f\ovalbox{\tt\small REJECT}$
2. $k$ ,
$U^{k}(f)\leq\sqrt{U^{k+1}(f)}$.
3. $d$ GF(3) $P$ ,
$U^{d+1}(f\cdot p)=U^{d+1}(f)$ .
4. $(f\cdot f’)(x,y)$ $:=f(x)\cdot f’(y)$ ,







Corr $( MOD_{m},P_{d})\leq\exp(-\alpha\cdot\frac{n}{3^{d}})$ .
, $m$ 3 , $\alpha(>0)$
, 1 $e_{m}^{a}$ Gowers
$U^{k}(e_{m}^{a})$
$=|_{x,y_{1}} E_{y_{k}}[\prod_{S\underline{C}[k]}e_{m}((-1)^{|S|}\cdot a(x\oplus\bigoplus_{j\in S}y_{j}))]|$
$=|_{x,y_{1}} E.,[e_{m}(\sum_{s\subseteq[k]}(-1)^{|S|}\cdot a(x\oplus\bigoplus_{j\in S}y_{j}))]|$




. $e_{m}(x):= \exp(\frac{2\pi 1}{m}\cdot x)$ .
$\sum_{a=1}^{m-1}e_{m}(a\cdot\sum_{1=1}^{n}x_{i})\backslash \cdot=\{$ $m-1-1$ $\{\begin{array}{l}m|\sum_{i=1}^{n}x_{i})m\parallel\sum_{i=1}^{n}x_{i})\end{array}$
, $f(x):=e_{m}( \sum_{i=1}^{n}x_{t})$ ,
$MOD_{m}(x_{1}, \ldots , x_{n})=-sgn(\sum_{a=1}^{m-1}f(x)^{\text{ }})$












4. $y_{\{}=0$ $i(1\leq i\leq k)$ ,
$x\in\{0,1,2\}$ ,
$e_{m}( \sum_{s\subseteq[k]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j}))=1$ .
5. $i(1\leq i\leq k)$ , $y;\neq 0$ $k$
.
$\sum_{s\subseteq[k]}(-1)\}S|(x\oplus\bigoplus_{j\in S}y_{j})=\{\begin{array}{ll}0 3g .-3f \end{array}$
, $x$ $\{0,1,2\}$
, \S 1 .
$k$ , ,
$U^{k}(e_{m}^{a})= \frac{2^{k}}{3^{k+1}}\cdot e_{m}(0)+\frac{2^{k}}{3^{k+1}}\cdot e_{m}(3^{\xi}\cdot a)$
$+ \frac{2^{k}}{3^{k+1}}\cdot e_{m}(-3^{\xi}\cdot a)+(1-\frac{2^{k}}{3^{k}})\cdot e_{m}(0)$
$=1- \frac{3\cdot 2^{k}-2^{k}}{3^{k+1}}+\frac{2^{k+1}}{3^{k+1}}\cos(\frac{2\pi}{m}\cdot 3^{k}\pi$ . $a)$
$=1- \frac{2^{k+1}(1-\delta_{\grave{\prime}}}{3^{k+1}}$
( , $\delta$ $:=\cos(2\pi\cdot a\cdot 3^{k/2}/m)$ ). $m$ 3
, $a\in\{1, \ldots, m-1\}$
$\delta<1$ . .




, $(m-1)$ $2(1-\delta)/9$ $\alpha$ . $k\geq 2$ . ,
. $\delta<1$ , $\alpha>0$ . $k$
. $\blacksquare$
, $k+1$ $k$ ,
$\sum_{s\subseteq[k]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j)}$
, , $:=\alpha_{0}x+\alpha_{1}(x\oplus 1)+\alpha_{2}(x\oplus 2)$
2 .
$(\alpha 0, \alpha_{1}, \alpha_{2}\in \mathbb{Z}\geq 0, \alpha_{0}+\alpha_{1}+\alpha_{2}=0)$ ,
4( ). $y_{\{}=0$ $i(1\leq i\leq k)$
.
, $x\in\{0,1,2\}$ ,
$e_{m}( \sum_{s\subseteq[k]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j}))=1$ .
.
$\sum_{S\underline{C}[k]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})$
$= \sum_{s\subseteq[k]\backslash \{i\}}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})$
$- \sum_{s\subseteq[k]\backslash \{i\}}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j}\oplus y_{i})$
$= \sum_{s\subseteq[k]\backslash \{i\}}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})$
$- \sum_{s\subseteq[k]\backslash \{:\}}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})$
$=0$
,
1. $k\geq 2$ . $k$
$\{\alpha_{0},\alpha_{1},\alpha_{2}\}=\{\begin{array}{ll}\{\beta_{k},\beta_{k}, -2\beta_{k}\} \{-\beta_{k}, -\beta_{k}, 2\beta_{k}\} ’\end{array}$ (1)
$k$
$\{\alpha_{0},\alpha_{1},\alpha_{2}\}=\{0,\beta_{k}, -\beta_{k}\}$ (2)
$\beta_{k}$ . . $\beta_{k}$ $k$
, $\{\}$ multiset.
( 1 ). $k$ . $k=2$
,
$\sum_{s\subseteq[2]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})$
$=x-(x\oplus y_{1})-(x\oplus y_{2})+(x\oplus y_{1}\oplus y_{2})$
$e_{m}( \sum_{s\subseteq[k]}(x\oplus\bigoplus_{j\in S}y_{j}))=e_{m}(0)=1$. $=\{\begin{array}{ll}x-2(x\oplus 1)+(x\oplus 2) if (y_{1},y_{2})=(1,1)2x-(x\oplus 1)-(x\oplus 2) if (y_{1},y_{2})=(1,2) or (2, 1)x+(x\oplus 1)-2(x\oplus 2) if (y_{1}, y_{2})=(2,2)\end{array}$
$\blacksquare$
, $\{\alpha 0, \alpha_{1},\alpha_{2}\}$ $=$ $\{1,1, -2\}$
5( ). $i(1\leq i\leq k)$ , $y:\neq 0$ $\{-1, -1,2\}$ . $\beta_{2}:=1$ (1)
$k$ , .
$\sum_{s\subseteq[k]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j})=\{\begin{array}{ll}0 3 .-3^{k}z \end{array}$
, $x$ $\{0,1,2\}$
, A .






$- \sum_{s\subseteq[k-1]}(-1)^{|S|}(x\oplus\bigoplus_{j\in S}y_{j}\oplus y_{k})$
$=\alpha_{0}x+\alpha_{1}(x\oplus 1)+\alpha_{2}(x\oplus 2)$
$-\alpha_{0}(x\oplus y_{k})-\alpha_{1}(x\oplus 1\oplus y_{k})-\alpha_{2}(x\oplus 2\oplus y_{k})$.
, $y_{k}=1$
$(\alpha_{0}-\alpha_{2})x+(\alpha_{1}-\alpha_{0})(x\oplus 1)+(\alpha_{2}-\alpha_{1})(x\oplus 2)$ ,
$y_{k}=2$
$(\alpha_{0}-\alpha_{1})x+(\alpha_{1}-\alpha_{2})(x\oplus 1)+(\alpha_{2}-\alpha_{0})(x\oplus 2)$
. . $\{\alpha 0-\alpha_{2},\alpha_{1}-\alpha_{0},\alpha_{2}-$
$\alpha_{1}\},$ $\{\alpha_{2}-\alpha_{0}, \alpha_{0}-\alpha_{1}, \alpha_{1}-\alpha_{2}\}$ .
$k$ , $k-1$ ,








, $\alpha_{1}=0,$ $\alpha_{2}=0$ ,
$\{\alpha_{0}-\alpha_{2},\alpha_{1}-\alpha_{0},\alpha_{2}-\alpha_{1}\}$
$=\{\alpha_{2}-\alpha_{0},\alpha_{0}-\alpha_{1},\alpha_{1}-\alpha_{2}\}$
$=\{\pm\beta_{k-1}, \pm\beta_{k-1}, \mp 2\beta_{k-1}\}$
v $\beta_{k}$ $:=\beta_{k-1}$ , (1) .
$k$ , $k-1$ ,
$\{\alpha_{0}, \alpha_{1}, \alpha_{2}\}=\{\pm\beta_{k-1}, \pm\beta_{k-1}, \mp 2\beta_{k-1}\}$. $\llcorner\llcorner\vee$- ,
$\alpha 0=\mp 2\beta_{k-1}$ .









$=\{0, \pm 3\beta_{k-1}, \mp 3\beta_{k-1}\}$
, $\beta_{k}$ $:=3\beta_{k-1}$ . (2)
. $\blacksquare$
,
$\beta_{k}=\{\begin{array}{ll}1 (k=2)\beta_{k-1} ( k: \text{ })3\beta_{k-1} ( k: \text{ })\end{array}$
,
$\beta_{k}=3$ 1. (3)
$X,X\oplus 1,x\oplus 2\in\{0,1,2\}$ . $k$ ,
















6( $\epsilon$- [10]). $C$ ,
$c_{1},$ $\ldots$ , $c_{*}$
. .
$C(x)=1 \Leftrightarrow\sum_{:=1}^{\epsilon}\mathfrak{g}(x)\geq t$
( $t\in N$). ,
$s \cdot\max_{1\leq 1\leq s}corr(C,c_{i})\geq 1$
.
3 6
, 7 MAJ $oMOD_{3}\circ AND_{d}$
$MOD_{m}$ . MAJ $0$
MOD3 $o$ ANDd , ,
$MOD_{3}$ , $d$
AND 3 .
, Allender , $d=poly(\log n)$ ,
$AC^{0}$ , $n^{O(\log^{k}n)}$
MAJ $o$ MOD3 $oAND_{d}$
[1].





$\exp(-\alpha n/3^{d})$ , Gowers
. ,
.
Gowers , $MOD_{m}$ GF(5)
. GF(5)




, $y_{1},$ $\ldots$ , $y_{k}$
. ,
.
, $d$ Poly$(\log n)$ ,
.
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